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Although Cosmic Microwave Background and Large Scale Structure probe the largest scales of our
universe with ever increasing precision, our knowledge about the smaller scales is still very limited
other than the bounds on Primordial Black Holes. We show that the statistical properties of the
small scale quantum fluctuations can be probed via the stochastic gravitational wave background,
which is induced as the scalar modes re-enter the horizon. We found that even if scalar curvature
fluctuations have a subdominant non-Gaussian component, these non-Gaussian perturbations can
source a dominant portion of the induced GWs. Moreover, the GWs sourced by non-Gaussian scalar
fluctuations peaks at a higher frequency and this can result in distinctive observational signatures.
If the induced GW background is detected, but not the signatures arising from the non-Gaussian
component, ζ = ζG + fNL ζ
2
G, this translates into bounds on fNL depending on the amplitude and
the width of the GW signal. The results are independent from the fact that whether PBH are DM
or completely negligible part of the current energy density.
Introduction. In the inflationary framework, the
fluctuations at the largest scales of our observable uni-
verse are generated around 50-60 e-folds before the end
of the inflationary era. The precise number depends on
the details of the forthcoming stages which transfer the
energy density from the inflaton to the light degrees of
freedom. The large scale modes, with the corresponding
wavenumbers 10−4Mpc−1 <∼ k <∼ 0.1Mpc−1, are probed
by the Cosmic Microwave Background (CMB) and Large
Scale Structure (LSS) experiments [1–3]. The spectral
distortion experiments can further extend this range up
to 104Mpc−1 [4–6]. However, even with these improve-
ments, the scales that are probed with precision is only
about 8 decades, or around 18 e-folds. Therefore, the
remaining 30− 40 e-folds of inflationary era in our hori-
zon is mostly unexplored except the bounds on Primor-
dial Black Holes (PBHs) at various scales. This work
aims at obtaining or constraining the physics at scales
much smaller than the CMB by studying their imprints
on stochastic gravitational waves (GWs).
Density and tensor fluctuations are generated and
stretched to super-horizon scales during inflation. In
later stages of the cosmic evolution, these modes re-enter
the causal horizon and lead to the current structure of
our universe. In homogenous and isotropic backgrounds,
at linear order, scalar, vector and tensor type fluctua-
tions decouple, but starting from second order in pertur-
bation theory, they couple with each other [7, 8]. We
focus on GWs sourced by density perturbations that de-
viate from exact Gaussianity. We assume density per-
turbations with a dominant Gaussian (G) piece and a
subdominant local type non-Gaussian (NG) piece (ex-
cept the large fNL section, in which we discuss the case
the scalar fluctuations are dominantly NG.).
We further assume an enhancement in scalar curva-
ture power spectrum at scales that re-enter our horizon
during radiation dominated era and much smaller than
CMB scales. This enhancement can be a result of var-
ious reasons. One reason, for example, could be a fea-
ture in inflationary potential (a saddle point or a slope
change) [10–15]. Slowing down the inflaton might lead to
significant quantum diffusion which influences the statis-
tical properties of the scalar fluctuations [16–19]. An-
other reason could be the interaction of different fields
and efficient particle production during inflation [20–26];
or reduced speed of sound [27–30]. We do not assume any
specific model, but a bump with non-vanishing local non-
Gaussianity. We found that for a large range of density
fluctuations, the resultant induced GWs are detectable
at various GW experiments.
The large density fluctuations leading to induced GW
background can also produce abundant PBHs or compact
massive objects [31, 32]. However, the PBH amount is ex-
tremely sensitive to the statistical properties of the den-
sity perturbations and threshold for the collapse. There-
fore, the results of this work is expected to be valid in-
dependent of the fact that PBHs are a significant or a
completely negligible fraction of the energy density.
Gravitational Waves Induced by Scalar Pertur-
bations During Radiation Domination Era. We
first give a brief summary of the results for the second or-
der tensor modes sourced by the first order scalar fluctu-
ations [7–9] and continue with the GW background from
the non-Gaussian density fluctuations.
Ignoring vector, first order tensor perturbations and
the anisotropic stress (see also [9, 33–35]), we start with
the following metric
ds2 = a2(η)
[
−(1 + 2Φ) dη2 +
{
(1−2Φ)δij+hij
}
dxi dxj
]
where η is the conformal time, Φ the scalar gravitational
potential and hij the second order tensor perturbation.
Fourier transformed tensor modes are expressed as
hˆij(η,x) =
∫
d3k
(2pi)3/2
eik·x
∑
λ
λij(k)hˆλ,k(η) (1)
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2The equation of motion for the mode functions reads
h′′λ,k(η) + 2H h′λ,k(η) + k2hλ,k(η) = 2Sλ,k(η) (2)
where S is the source term originating from first order
scalar fluctuations (schematically ζ + ζ → h, this inter-
action is shown in the left panel of Fig. 1).
Sλ,k(η) =
∫
d3p
(2pi)
3/2
λij(k) p
i pj
[
2 Φp(η)Φk−p(η) +
+
(
Φp(η) +
Φ′p(η)
H(η)
)(
Φk−p(η) +
Φ′k−p(η)
H(η)
)]
(3)
where Φk(η) =
2
3 T (kη) ζk and
′ denotes ∂∂η . Here, ζk
is the scalar curvature fluctuation and T is the transfer
function given as T (x) = 9x2
[
sin(x/
√
3)
x/
√
3
− cos(x/√3)
]
.
The GW power spectrum is defined as usual〈
hˆλ(k, η) hˆλ′(k
′, η)
〉
≡ 2pi
2
k3
δ3(k+ k′) δλλ′ Pλ(k) , (4)
Combining all these, we end up with
Phi(η, k) ≡
k3
2pi2
∑
λ=±
〈hi,λ(k)hi,λ(k′)〉δ
=
64
81
1
2pi2
k
η2
∫
d3p d3q
(2pi)3
p2 sin2 θkp U(p) q
2 sin2 θk′qU(q)
×
∫ η
0
dη′
∫ η
0
dη′′ η′ η′′ sin(kη − kη′) sin(k′η − k′η′′)
× FT (p η′, |k− p| η′) FT (q η′′, |k′ − q| η′′)
×
〈
ζˆp ζˆk−p ζˆq ζˆk′−q
〉′
, (5)
where cos θab = aˆ · bˆ and U(nˆ) = cos(2φnˆ) + sin(2φnˆ).
〈〉δ denotes correlation without δ3 (k+ k′). FT (u, v) =
2T (u)T (v) + T˜ (u)T˜ (v), where T is defined above and
T˜ (x) = T (x) + x ∂xT (x).
The current GW energy density (per logarithmic
wavenumber) is linked with the GW power spectrum as
ΩGW(k, η0)h
2 ' Ωγ,0 h
2
12
k2
a2H2
∑
λ
Pλ , (6)
where the overbar indicates period averaging, Ωγ,0 is the
current radiation density parameter.
We assume the scalar fluctuations which have the form
ζk = ζ
G
k + fNL
∫
d3p
(2pi)3/2
ζGp ζ
G
k−p , (7)
then ζ two-point function becomes
Pζ(k) = P
G
ζ (k) + P
NG
ζ (k) (8)
and we parametrize the curvature fluctuations as
PGζ (k) = A · exp
[
− ln
2 (k/k∗)
2σ2
]
PNGζ (k) = 2f
2
NL
∫
dp
p
dΩ
4pi
k3
|k− p|3 P
G
ζ (p)P
G
ζ (|k− p|), (9)
FIG. 1. Diagrammatic representation of hζζ and ζ3 vertices
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FIG. 2. Gaussian and Non-Gaussian components of Pζ
where k∗ is some comoving wavenumber that curvature
perturbations have a bump at, A is the amplitude at that
scale and σ is the width of the signal in terms of e-folds.
(The scalar NG interaction is shown in the right panel
in Figure 1). At CMB scales, curvature perturbations
are nearly scale invariant and Gaussian, but on small
scales the constraints are much weaker. We will focus
on the case A is much larger than the amplitude of the
fluctuations at CMB/LSS scales and σ ∼ O(1).
Figure 2 shows the G and NG components of the scalar
power spectrum. As a representative value, we choose
A = 10−2, σ = 1 and fNL = 3. By keeping A · f2NL and
σ constant, the relative amplitude of G and NG portions
stay same (see also the case for A = 10−4, σ = 1 and
fNL = 30). Observe that in both cases, the NG spectrum
is subdominant with respect to (or has similar amplitude
with) G spectrum at every scale.
The Contribution of the Gaussian Source.
When the scalar fluctuations are purely Gaussian, the
GWs are sourced via the 1-loop diagram shown in Fig-
ure 3. A scale-invariant scalar power spectrum produces
a scale-invariant GW energy density for the modes that
re-enter the horizon during the radiation dominated era
as ΩGWh
2 ' 0.8 Ωγ,0h2
(
PGζ
)2
[36]. For a bumpy scalar
spectrum, the resultant GW energy density also becomes
bumpy, and the peak of the GW is similar to the expres-
sion above with some O(1) correction depending on the
width of the scalar signal.
Contribution of the Non-Gaussian Sources.
Non-Gaussian scalar fluctuations contribute to the in-
FIG. 3. Gaussian Sourcing of GWs
3FIG. 4. Vanishing Non-Gaussian Source due to symmetry
FIG. 5. Vanishing Non-Gaussian Source due to zero momen-
tum scalar propagator
duced GW background at f2NL and f
4
NL order via the 2
loop and 3 loop diagrams, respectively. There are 5 di-
agram topologies at f2NL order, all shown in figures 4, 5
and 6. Some of these diagrams vanish and some of them
contribute to the stochastic GW background. Moreover,
there are more diagram topologies at f4NL order, and we
show only the non-vanishing ones in Figure 7. Here we
discuss all the diagrams in detail.
Vanishing Diagrams with the Non-Gaussian Source:
The three diagram topologies shown in Figures 4 and 5 do
not contribute to the GW spectrum. The one in Figure 4
vanishes due to rotational invariance. The two diagrams
in Figure 5 vanish since the tensor mode couples to scalar
modes via derivative couplings. As the momentum of the
propagator vanishes, this vertex does not contribute to
the tensor two-point function. The same line of reasoning
applies at O(f4NL) to the diagrams with zero-momentum
scalar propagators at hζζ vertex.
Contributions at O(f2NL): There are two diagram
topologies at f2NL order that gives non-vanishing contri-
bution to GWs. One diagram has both tree level and
self-corrected scalar propagator, labeled as “Hybrid” (see
the left panel of Figure 6). Since the loop correction to
ζ can be factorized, this diagram can be reduced to two
one loop calculations. The other diagram given on the
right panel of Figure 6 is labeled as “Walnut” and is a
non-reducible two-loop correction.
Contributions at O(f4NL): Neglecting the diagrams
vanishing due to zero-momentum scalar propagators at
hζζ vertex, we have three non-zero diagram topologies
at f4NL order given in Figure 7. The left diagram, labeled
as “Reducible”, can be expressed as three one loop di-
agrams (notice the two loops result from the scalar self
correction). However, the other two diagrams are 3-loop
diagrams which cannot be further factorized. We label
these two diagrams as “Planar” and “Non-Planar” due to
their topological properties. In this work, we only com-
FIG. 6. Diagrams contributing at f2NL Order : Hybrid and
Walnut
FIG. 7. Diagrams contributing at f4NL Order : Reducible,
Planar, Non-Planar
pute Reducible diagram and estimate the contribution of
the other two using earlier studies. These three topolo-
gies have been studied in [37] and it is found that Re-
ducible and Planar diagrams have contributions within
O(1) proximity and Non-Planar one is suppressed with
respect to these two. Hence, in the rest of this work, we
will take the total contributions from O(f4NL) diagrams
as twice the contribution of the Reducible diagram.
Results and Discussion. We obtain the spectrum
of induced GWs by evaluating the two-point function
given in (5) at a moment when the corresponding mode
is well inside the horizon (ie. kη  1). The tensor modes
are sourced around the horizon crossing, and GWs prop-
agate freely afterwards. Since GWs are relativistic, their
energy density scales like radiation, and one can obtain
their current energy density using (6).
In Figure 8, we show the contributions from Hybrid
(dashed-blue), Walnut (solid-red) and Reducible (solid-
green) diagrams together with total induced GW spec-
trum (solid-black) originating from non-Gaussian scalar
sources (estimating ΩReduced + ΩPlanar + ΩNon−Planar '
2 · ΩReduced as indicated in the previous section). The
Walnut and Hybrid diagrams give almost same contribu-
tion to the GWs at every scale and the Reducible diagram
is about an order of magnitude smaller.
In Figure 9, we show the stochastic GW background
induced by Gaussian (dotted-blue) and non-Gaussian
(dashed-green) scalar fluctuations together with the total
induced GWs (solid-red) at nHz and mHz bands. We set
σ = 1 for all curves. The labels ΩG and ΩNG, indicate
the “source” of induced GWs (G or NG scalar fluctua-
tions), but not the statistical properties of GWs because
whether the source for GWs is Gaussian or not, the resul-
tant GW background is non-Gaussian as it emerges from
a cubic interaction [38–40] (see [41, 42] for a detailed dis-
cussion about the stochastic GWs). In all four cases,
A f2NL = 9 · 10−2  1 giving PGζ > PNGζ all wavenum-
bers. However, although NG part of the scalar fluctu-
ations are subdominant to G part, the GWs produced
from NG scalar fluctuations are about an order of mag-
nitude larger, ΩNGGW ' 9 ΩGGW .
For both LISA and PTA scales, there are two example
GW signals. The larger amplitude GWs originate from
scalar fluctuations leading to abundant amount of PBHs,
which constitute the totality or considerable fraction of
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FIG. 8. Comparison of GW backgrounds from NG diagrams
the DM 1 ( ζth ' 1.4). The primordial scalar fluctu-
ations resulting in PBH DM have different amplitudes
and β values for different (βLISA 6= βPTA) scales. This
is because different mass PBHs form at different times,
hence their energy density grows relative to the back-
ground energy density different amount (see footnote 1).
On the other hand, the small amplitude signal is chosen
near the sensitivity limit of the both GW experiments to
show the large range of scalar fluctuations producing vis-
ible signals. Although we illustrate the signatures only at
PTA [43–45], SKA [46, 47] and LISA [48–50] scales, this
study can be extended for other GW experiments such
as DECIGO/BBO [51] and Cosmic Explorer (CE) [52].
NG scalar fluctuations peak at a larger wavenumber
with respect to G fluctuations, and they have larger
width since NG fluctuations arise from the convolution
of G fluctuations (see (9) and Figure 2). As a result
of this, the Reducible diagram peaks at the highest fre-
quency, the Hybrid and Walnut diagrams follow it and
the Gaussian diagram has a peak at the lowest frequency
(see Figures 8 and 9). As they peak at larger wavenum-
ber, NG density fluctuations can easily dominate the UV
tail of the induced GW spectrum, and this can lead to
observational signatures as shown in Figure 10. These
signatures show themselves prominently for small width
scalar signals, but the modification in the UV tail also
exists for large width scalar signals with visually less dif-
ferentiable way. Therefore, in order to show this effect
boldly, we choose a narrow width signal, σ = 0.1. One
example is the top panel in Figure 10, where fNL = 15
and GWs from NG and G sources have comparable am-
plitude. In that panel, in addition to the bump around
1 In the presence of positive non-Gaussianity parameter, β can be
expressed as β = erfc (Y+(ζth))+ erfc (Y−(ζth)), where Y±(ζ) =
1
2
√
2A fNL
(
−1±√1 + 4fNL(fNLA+ ζ)) [53]. The formation
fraction, β, can be connected to the ratio of the energy density
of PBH to DM in the current universe F(M) ≡ 1
ρDM
dρPBH
d lnM
'
6.7 · 108 γ1/2 β(M)
√
M
M
[60, 61], where M is the solar mass.
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FIG. 9. ΩGWh
2 at distinct scales from G and NG Sources
f ' 1.2f∗, there exist a sharp slope change/second bump
in the large frequency part of the spectrum due to the
peak of the induced GWs from NG fluctuations around
f ' 1.7f∗. Another concrete example is in the bottom
panel of Figure 10, for fNL = 0.5. Although, the peak of
the induced GWs from NG perturbations are about 2 or-
ders of magnitude smaller with respect to GWs sourced
by G fluctuations, since the GWs from NG have a longer
UV tail, this still allows local non-Gaussianity to leave
its imprint around f ' 2f∗. Hence, if the stochastic GW
background is detected, but there is no sign of primor-
dial non-Gaussianity, this constrains the NG parameter
as A·f2NL <∼ 10−2 for the experiments reaching sensitivity
of ΩGWh
2 ∼ 10−15. With higher sensitivity experiments,
the primordial local NG can be constrained more strin-
gently via its mark on the UV part of the spectrum.
In the IR regime (k  k∗), we have k∗ ∼ p ∼
|k − p|  k as the support of the momentum inte-
grals are around the wavenumber k∗, hence FT (u, u) '
27
u2 sin
2(u/
√
3) where u ≡ p/k  1. In result, Phi ∝
k3
∫ F 2T
k4 d(kη
′)(kη′)d(kη′′)(kη′′) ∝ k3. Therefore, in the
IR regime, induced GWs scale with (nearly) the third
power of the wavenumber independent of the fact that
they are sourced by G or NG fluctuations.
Large “fNL” ( χ
2 ) Limit. In the limit f2NLA  1
(we stress that the expression in (7) is not considered
as a perturbative series expansion in orders of fNL), we
can absorbe the fNL parameter into definition of ζG such
that ζ ' ±(ζ2G − 〈ζ2G〉); hence the density fluctuations
obey the χ2 statistics. The relevant diagrams in that case
are given in Figure 7. The PBH production and induced
GW spectrum from χ2 statistics have been studied for
bumpy scalar fluctuations in [37]. (See [53, 54] for a
detailed discussion on the effects of non-Gaussianity on
PBH production, also [55], and [56] for an estimate of the
GW background from non-Gaussian fluctuations.)
The induced GW background is proportional to even
powers of fNL, so the sign of the fNL does not change
the tensor two-point function. However, since the proba-
bility distribution function of the curvature fluctuations
5A=10-2 , fNL=15, Σ=0.1
WGW
WGW
G
WGW
NG
0.2 0.5 1.0 2.0
10-13
10-12
10-11
10-10
10-9
10-8
10-7
f  f*
W
G
W
h
2
A=10-2 , fNL=0.5, Σ=0.1
WGW
WGW
G
WGW
NG
0.2 0.5 1.0 2.0
10-16
10-14
10-12
10-10
10-8
f  f*
W
G
W
h
2
FIG. 10. Observational signatures of local NG in the UV
regime of the GW spectrum
gets skewed, the PBH production efficiency increases (de-
creases) for fNL > 0 (fNL < 0) [53, 54]. Therefore with
fNL > 0, the same amount of PBH can be produced by
smaller amplitude (variance) scalar fluctuations, which
results in smaller amplitude induced GWs [37, 56].
Primordial Black Holes. When a mode with an
amplitude larger than the collapse threshold re-enters
the horizon, the energy content inside the horizon col-
lapses to a PBH that have a mass of the order of the
mass inside the horizon. Since the mass of the PBH
is comparable to the horizon mass, the PBH mass can
be related to the wavenumber of the mode as MPBH =
20 γM
(
k/pc−1
)−2
or to its frequency [37]
MPBH = 50 γM
(
10−9 Hz
f
)2
, (10)
where γ indicates the portion of the horizon that becomes
PBH (we assume γ = 0.2 throughout this work). For a
given scale, the fraction of the universe that turns into a
PBH can be expressed as
β(k) =
∫ ∞
ζth
P(ζcg(k)) dζcg(k) , (11)
where P is the probability distribution function (p.d.f)
of the curvature fluctuations, ζth is the threshold value
O(0.1− 1), and ζcg(k) is the coarse-grained density con-
trast : ζcg(k) =
∫
W (k)ζ(k) d ln k, where W is a smooth-
ing window function. Because PBHs are produced from
the tail of the p.d.f of the curvature perturbations, the
PBH amount is extremely sensitive to both threshold
value and the details of the distribution function. There-
fore, even small differences in either of them can lead to
many orders of magnitude changes in PBH amount.
It is a remarkable possibility that PBHs can be whole
or considerable fraction of DM [57–59]. The two mass
ranges, M ∼ 10M and M ∼ 10−12M, are being dis-
cussed for such possiblity [61–63]. It is even further inter-
esting that the modes which produce the PBHs in these
mass ranges lead to inevitable induced GW backgrounds.
These backgrounds correspond to the frequency bands of
nHz and mHz (10) which will be probed by PTA, SKA
and LISA experiments with enormous precision in close
future [23, 37, 64, 65]. However, whether PBHs are the
dominant or completely negligible portion of the DM, in-
duced GWs can reveal valuable information about the
small scales.
Summary and Conclusions. We show that the
primordial quantum fluctuations can be probed via the
stochastic GW background induced by the density per-
turbations re-entering the horizon during radiation dom-
inated era. Although subdominant, the non-Gaussian
component of the density fluctuations can produce more
GWs than the Gaussian component. Furthermore, the
GWs sourced by NG scalar fluctuations peaks at a larger
frequency which might result in distinctive signatures.
With positive fNL, scalar fluctuations can efficiently
produce PBHs which might constitute the whole or some
fraction of DM. Two mass ranges for this intriguing pos-
sibility are M ∼ 10M and M ∼ 10−12M, and these
PBHs are accompanied by induced GWs in nHz and mHz
bands respectively, which will be probed by PTA-SKA
and LISA with great precision. However, whether PBHs
are DM or not, primordial non-Gaussianity in scalar sec-
tor can be detected via induced GWs for a wide range
of amplitudes. If the stochastic GW background induced
by scalar fluctuations is detected, but not the signatures
from the primordial non-Gaussianity, this constrains fNL
parameter.
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6Note Added: As this work is being completed, Ref.
[66] appeared which also studies the effects of NG scalar
fluctuations on GW spectrum. However, their investiga-
tion focuses on the large fNL limit, χ
2 distribution, hence
their scalar fluctuations are dominantly Non-Gaussian
and different than this study. Ref. [66] calculates the
GW spectrum using the first diagram given in Figure 7,
neglecting the other two diagrams. We think this gives
gives the correct order of magnitude, but not precise re-
sult. We note that the large fNL limit, or χ
2 distribution,
had been already studied in Ref. [37] with all the dia-
grams in Figure 7.
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